
D
iff
er
en
ti
at
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g

P
ri
m
er
T
al
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U
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ve
rs
ity
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C
an
te
rb
ur
y

D
ou
gl
as
S.
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ri
dg
es



O
bs
er
va
ti
on
:
T
he
pr
od
uc
t
ru
le
of
di
ff
er
en
ti
at
io
n
ca
n
be
de
ri
ve
d
us
in
g

th
e
tw
o
ru
le
s

D
(u
+
v
)
=

D
u
+
D
v
,

D
(u
2
)
=

2
u
D
u
.

Fo
r
th
en
, 2
(u
+
v
)D
(u
+
v
)
=

D
( (u

+
v
)2
)

=
D
( u2

+
2
u
v
+
v
2
)

=
2
u
D
u
+
D
(u
v
)
+
2
v
D
v
.

N
ow
ex
pa
nd
th
e
le
ft
si
de
an
d
so
lv
e
fo
r
D
(u
v
).



Li
ft
th
is
to
th
e
co
nt
ex
t
of
ri
ng
th
eo
ry
.

Le
t
R
be
a
ri
ng
(n
ot
ne
ce
ss
ar
ily
co
m
m
ut
at
iv
e)
.
A
de
ri
va
ti
on
on
R
is
an

ad
di
ti
ve
m
ap
pi
ng
D
:
R
→
R
su
ch
th
at

D
(x
y
)
=
x
D
y
+
(D
x
)
y

(x
,y
∈
R
)
.

Su
ch
a
m
ap
ha
s
th
e
n
th
po
w
er
pr
op
er
ty
:
fo
r
ea
ch
in
te
ge
r
n
>
2
an
d

ea
ch
x
∈
R
,

D
(x
n
)
=

n ∑ k
=
1

x
n
−
k
(D
x
)
x
k
−
1
.

In
th
e
co
m
m
ut
at
iv
e
ca
se
,
th
is
re
du
ce
s
to

D
(x
n
)
=
n
x
n
−
1
D
x
.



Q
ue
st
io
n:
un
de
r
w
ha
t
co
nd
it
io
ns
is
an
ad
di
ti
ve
m
ap
pi
ng
D
on
R
th
at

sa
ti
sfi
es
th
e
n
th
po
w
er
pr
op
er
ty
a
de
ri
va
ti
on
?

Le
m
m
a
1

If
R
is
a
co
m
m
ut
at
iv
e
ri
ng
w
it
h
no
2-
to
rs
io
n–

th
at
is
,

∀ x
∈
R
(2
x
=
0
⇒
x
=
0
)

–
th
en
ev
er
y
ad
di
ti
ve
m
ap
D
:
R
→
R
w
it
h
th
e
2
nd
po
w
er
pr
op
er
ty
is

a
de
ri
va
ti
on
.



A
no
nz
er
o
ri
ng
R
is
pr
im
e
if
fo
r
an
y
a
,b
∈
R
su
ch
th
at
a
x
b
=
0
fo
r
al
l

x
∈
R
,
w
e
ha
ve
a
=
0
or
b
=
0
.

If
R
ha
s
a
m
ul
ti
pl
ic
at
iv
e
id
en
ti
ty
e,
th
en
th
e
ch
ar
ac
te
ri
st
ic
of
R
is
th
e

sm
al
le
st
po
si
ti
ve
in
te
ge
r
n
su
ch
th
at

e
+
e
+
··
·+

e
︸

︷︷
︸

n
te
rm
s

=
0

if
su
ch
n
ex
is
ts
;
ot
he
rw
is
e,
th
e
ch
ar
ac
te
ri
st
ic
is
0
.



A
no
nz
er
o
ri
ng
R
is
pr
im
e
if
fo
r
an
y
a
,b
∈
R
su
ch
th
at
a
x
b
=
0
fo
r
al
l

x
∈
R
,
w
e
ha
ve
a
=
0
or
b
=
0
.

If
R
ha
s
a
m
ul
ti
pl
ic
at
iv
e
id
en
ti
ty
e,
th
en
th
e
ch
ar
ac
te
ri
st
ic
of
R
is
th
e

sm
al
le
st
po
si
ti
ve
in
te
ge
r
n
su
ch
th
at

e
+
e
+
··
·+

e
︸

︷︷
︸

n
te
rm
s

=
0

if
su
ch
n
ex
is
ts
;
ot
he
rw
is
e,
th
e
ch
ar
ac
te
ri
st
ic
is
0
.

T
he
or
em

(H
er
st
ei
n,
19
57
)

Le
t
R
be
a
pr
im
e
ri
ng
th
at
is
no
t
of

ch
ar
ac
te
ri
st
ic
2,
an
d
le
t
D
:
R
→
R
be
an
ad
di
ti
ve
m
ap
w
it
h
th
e
2
nd

po
w
er
pr
op
er
ty
.
T
he
n
D
is
a
de
ri
va
ti
on
on
R
.



O
bs
er
va
ti
on
:
Fo
ra
fix
ed
in
te
ge
rn
>
2
,l
et
A
be
th
e
(n
−
1
)-
by
-(
n
−
1
)

m
at
ri
x
w
it
h
(k
,j
)t
h
en
tr
y

( n j

) kj .
T
he
n

δ
≡
d
et
A
=
(n
−
1
)!

 n
−
1 ∏ k

=
1

( n k

) 
∏

1
6
i<
j6
n
−
1

(i
−
j)
.

T
hi
s
is
ne
ed
ed
fo
r
th
e
pr
oo
f
of
:



Le
m
m
a
2
Le
t
R
be
a
ri
ng
,n
>
2
an
in
te
ge
r,
D
:
R
→
R
an
ad
di
ti
ve

m
ap
w
it
h
th
e
n
th
po
w
er
pr
op
er
ty
,
an
d
y
an
el
em
en
t
of

R
su
ch
th
at

bo
th
y
an
d
D
y
ar
e
in
th
e
ce
nt
re
of
R
.
Su
pp
os
e
th
at
fo
r
ea
ch
x
∈
R
,

if
δ
x
=
0
,
th
en
x
=
0
.
T
he
n

D
( xk

y
n
−
k
) =

y
n
−
k

k ∑ j=
1

x
k
−
j
(D
x
)
x
j−
1
+
(n
−
k
)
x
k
y
n
−
k
−
1
D
y
.

P
ro
of
.



Le
m
m
a
2
Le
t
R
be
a
ri
ng
,n
>
2
an
in
te
ge
r,
D
:
R
→
R
an
ad
di
ti
ve

m
ap
w
it
h
th
e
n
th
po
w
er
pr
op
er
ty
,
an
d
y
an
el
em
en
t
of

R
su
ch
th
at

bo
th
y
an
d
D
y
ar
e
in
th
e
ce
nt
re
of
R
.
Su
pp
os
e
th
at
fo
r
ea
ch
x
∈
R
,

if
δ
x
=
0
,
th
en
x
=
0
.
T
he
n

D
( xk

y
n
−
k
) =

y
n
−
k

k ∑ j=
1

x
k
−
j
(D
x
)
x
j−
1
+
(n
−
k
)
x
k
y
n
−
k
−
1
D
y
.

P
ro
of
.

P
re
re
qu
is
it
e:
se
ve
ra
lb
ee
rs
.



M
ai
n
T
he
or
em

(B
ri
dg
es
an
d
B
er
ge
n,
19
84
)

Le
t
R
be
a
ri
ng
,

n
>
2
an
in
te
ge
r,
an
d
D
:
R
→

R
an
ad
di
ti
ve
m
ap
pi
ng
w
it
h
th
e
n
th

po
w
er
pr
op
er
ty
.
T
he
n
D
is
a
de
ri
va
ti
on
un
de
r
ea
ch
of
th
e
fo
llo
w
in
g

ci
rc
um
st
an
ce
s:

(i
)
R
is
co
m
m
ut
at
iv
e
w
it
h
an
id
en
ti
ty

e,
an
d
fo
r
ea
ch

x
∈
R
,
if

δ
x
=
0
,
th
en
x
=
0
.

(i
i)
R
is
a
pr
im
e
ri
ng
w
it
h
an
id
en
ti
ty
e
an
d
ch
ar
ac
te
ri
st
ic
c,
w
he
re

c
=
0
or
c
>
n
.

(i
ii)
R
is
a
co
m
m
ut
at
iv
e
in
te
gr
al
do
m
ai
n∗
w
it
h
ch
ar
ac
te
ri
st
ic
c,
w
he
re

c
=
0
or
c
>
n
.

∗ T
ha
t
is
,
ri
ng
w
it
ho
ut
ri
gh
t
or
le
ft
ze
ro
-d
iv
is
or
s.



P
ro
of
fo
r
ca
se
(i
).

Si
nc
e

D
e
=
D
(e
n
)
=
n
en
−
1
D
( en−

1
) =

n
D
e,

w
e
ha
ve
(n
−
1
)
D
e
=
0
.

H
en
ce
δ
D
e
=
0
an
d
th
er
ef
or
e
D
e
=
0
.

R
ec
al
lt
he
co
nc
lu
si
on
of
Le
m
m
a
2:

D
( xk

y
n
−
k
) =

y
n
−
k

k ∑ j=
1

x
k
−
j
(D
x
)
x
j−
1
+
(n
−
k
)
x
k
y
n
−
k
−
1
D
y
.

T
ak
e
y
=
e
an
d
k
=
2
,
to
ge
t
D
( x2)

=
2
x
D
x
.

H
en
ce
re
su
lt
,
by
Le
m
m
a
1.

J

ds
b,
U
C
pr
im
er
ta
lk
,
28
03
14


