
Primer for Klas Modin’s seminar

Title: Generalised Euler Equations and Template
Matching

Abstract: The field of geodesics on Lie groupsstarted in the seminal work by Vladimir Arnold, whoin 1966 produced a novel interpretation of the Eu-ler equations in fluid dynamics as the geodesic equa-tion on the group of volume preserving diffeomor-phisms with respect to an invariant metric. Arnoldrealised that the same approach could be used to de-rive equations on any Lie group of finite or infinitedimension. Since then the research on generalisedEuler equations has grown explosively. Many well-known equations of mathematical physics are now re-alised to be generalised Euler equations. In this talkI will start by giving an introduction to the frame-work of generalised Euler equations. Thereafter, Iwill show how this framework can be applied to dif-feomorphic shape and image matching, where oneshape or image is warped into another by a smoothtransformation. Some recent results on the gener-alised Euler equation for conformal transformationsare presented. Inspired by the famous british evolu-tionary biologist D’Arcy Thompson, I then show howshape/image transformation techniques can be usedto study relationship between species.
In my presentation (50 min) I will talk about theconcept of geodesic equations on Lie groups equippedwith left (or right) invariant Riemannian metric, andgive some examples and applications. Towards theend of the talk I will discuss our work, which is abouta new Euler-Arnold equation obtained by consideringconformal embeddings of the disk into the plane.The talk will include the following mathematical con-cepts, so maybe good if you talk a little bit about thatin the Primer talk on the 21st:

1. Differential manifolds, differential forms2. Riemannian metric on a manifold3. Lie groups and corresponding Lie algebras4. Lie-Poisson structure of the dual of a Lie algebra
good references for the concepts above are: 1a.V. Arnol’d, Mathematical Methods of Classical Me-chanics, Chapter 4 and Chapter 71b. J. Marsden and T. Ratiu, Introduction to Mechanicsand Symmetry, Chapter 4,2. V. Arnol’d, Mathematical Methods of Classical Me-chanics, Chapter 43. J. Marsden and T. Ratiu, Introduction to Mechanicsand Symmetry, Chapter 94. J. Marsden and T. Ratiu, Introduction to Mechanicsand Symmetry, Section 10.7Also, for the reading group it might be interesting toread Appendix 2 in V. Arnol’d, Mathematical Methodsof Classical Mechanics, and also Arnol’d and Khesin,Topological Methods in Hydrodynamics, Chapter 1(for a thorough treatment of the Euler fluid equations).
The way of thinking of this is that the configura-tion space consists of the set of transformations actingon the particles. The same idea also holds for the rigidbody: the orientation of the rigid body is determinedby a group element (in this case an element of SO(3)) transforming the body from a reference orientationto its current orientation. Thus, the configuration ofthe body is entirely determined by the group element.The same goes for the fluid: the configuration of thefluid particles are determined by a volume preserv-ing diffeomorphism acting on a reference configura-tion. Thus, mathematically, the configuration spaceis SDiff(M), which has the structure of an infinite di-mensional Lie groups (called a FrÃľchet-Lie group).The beauty of this is that the motion of an ideal fluid(corresponding to the Euler equations) is described bygeodesic curves on SDiff(M) with respect to a right in-
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variant L^2 metric (i.e. a metric determined entirelyby an inner product on the Lie algebra T_e SDiff(M)= divergence free vector fields).
Part I

Elementary differential
geometry

1 Tangent vectors

T. v. live in a tangent space TxM to the manifold Mat the point x.Tangents Xp = ṗ(0) to any curve p(t = 0) = p

T.v. as differential operators: directional deriva-
tive of a function Xp(f ) := DX(f ) = d

dt [f (p(t))]t=0 =∑
j

[
∂f
∂xj

]
p
Xj

Push-forward What happens under a map, F :
Rn Ï Rr ,y = F (x)? Differential of F , F∗, whose ma-trix is the Jacobian matrix,

2 Vector fields and Flows

φt 1-parameter group of maps M Ï M , itself andinverse differentiable functions, then φt is called dif-feomorphism.Associated with any flow is a vector field vp = dφt (p)
dt .For a given vector field, in coordinates φt(p) = p(t) =

x(t) = (x1(t), . . . xn(t)) we solve the system of ODE
dxj
dt = v j(x1(t), . . . xn(t)) (1)
x(0) = x0 (2)

We ask that φ be a diffeomorphism to exclude dis-continuities, cavitation, and fluid interpenetration, andlater that φ be volume-preserving to correspond to theassumption of incompressibility.

2.1 Push-forward and Lie derivative of
a vector field

T.v. Yx pushed forward by the differential map φt∗maydiffer from the field vector that was already there at
φtx. The difference is described by the Lie derivativeof v.f. Y along integral curves, “streamlines” of v.f. X
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[LXY]x = lim
t→0 Yφtx − φt∗Yx

t = lim
t→0 φ−t∗Yφtx − Yx

t (3)

Theorem linking the Lie derivative and the com-
mutator

LXY = [X,Y] (4)
[X,Y] (f ) = X(Yf )− Y(Xf )

invariant fields: φt∗Yx = Yφtx, LXY = 0

3 Differential forms

0-form: f (p)
basic 1-form: dxi(v) = vi, reads off the i-th compo-nent of a tangent vector
basic 2-forms: = ± the area of the parallelogramspanned by the projections π(v), π(w) of the vectorsinto the xixj plane;

Volume form (signed) vol3 = dx ∧ dy ∧ dz

vol3(a,b,c) = a · (b× c) = det
a1 a2 a3
b1 b2 b3
c1 c2 c3


αn = voln = √g∣∣x dx1 ∧ dx2 ∧ . . . ∧ dxn
√g = det( ∂y

∂x

) coming from reference Euclidean co-ordinates y
√g = √det gij where gij is the matrix of the metrictensor
4 Metric

g = dx⊗dx+. . . = ds2 = dx2+dy2+dz2 Pythagorean
gij = δij
ds2 = r2dr2 + r2dθ2 + r2 sin2 θdφ2 Pythagorean incurvilinear orthogonal coord. gij = diag(h1, h2, h3)
ds2 = (1 + f 2

x)dx2 + (1 + f 2
x)dx2 + 2fxfydx ⊗ dyPythagorean imposed on z = f (x, y) keeping coord.

x, y

4.1 Pull-back and Lie derivative of diff.
forms

Let F = φt, y = F (x), pull-back F∗ of a form αk isdefined as:
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(F∗f )(x) = (f ◦ F )(x) = f (y(x)) (5)
(F∗αp) (v1, . . . vp) = (αp ◦ F∗) (. . .) = αpy (F∗v1, . . . F∗vp)(6)
If a flow deforms some attribute, say volume, how
does one measure the deformation? Lie deriva-
tives of forms:

LXf = d
dt f [φt•]t=0 = d

dt (φ∗t f ) t=0 (7)
LXαp = d

dt (φ∗t αp) t=0 = lim
t→0 φ

∗
t αφtx − αx

t (8)

Lie derivative of volume form: LXvoln is the n-form that reads off the rate of change of volume of aparallelopiped spanned by n vectors that are pushedforward by the flow φt .

5 Euler eqs. for ideal fluid flow

5.1 Mass balance eq. (mass conserva-
tion)

5.2 Momentum balance (2nd Newton’s
law)

Part II

Generalized Euler
equations

6 Configuration space in La-
grangian mechanics

7 Kinetic energy as the metric

8 Geodesics

L(γ) = ´ ba √gγ(t)(γ̇(t), γ̇(t)) dt.
E(γ) = 12 ´ gγ(t)(γ̇(t), γ̇(t)) dt.
L(γ)2 ≤ 2(b − a)E(γ)

d2xλ
dt2 + Γλ

µν
dxµ
dt

dxν
dt = 0,

γ ′′(t) ⊥ Tγ(t)M,

9 Configuration space as Lie
group

10 Lie algebra
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